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INTRODUCTION 
Propagation of guided waves in a laminated plate is of interest for ultrasonic 
nondestructive evaluation of defects and for material characterization. There is a 
need for a thorough understanding of the wave propagation characteristics in such 
a plate in order to use ultrasonic means to determine the material properties, as-
sess damage, and characterize defects. The problem is also of interest for study of 
acoustic emission. 
Dispersive behavior of guided waves in laminated plates has been studied ex-
tensively in recent years [1-6]. It has been shown that dispersive modal propaga-
tion behavior is strongly influenced by the anisotropie properties of each ply and 
stacking sequence used. Thus this can be used to determine material properties. 
Guided waves in layered (laminated) composite plates have also received atten-
tion. A systematic investigation of the effect of increasing number of laminae on 
the dispersion of free guided waves in a laminated plate has been reported recently 
by Karunasena, et. al. [7]. Since in many structural applications there are usually 
many laminae in a composite plate (shell) it is of interest to investigate the effect of 
the number of layers on the dispersion behavior. 
As is evidenced from the above review, there is now a considerable body of 
literature on dispersive guided waves. However, very few studies have been re-
ported dealing with the propagation of disturbances in a laminated plate generated 
by sourees. Recently, Chang and Sun [8] have used a finite difference procedure to 
analyze the two dimensional (plane stress) problem of wave propagation in a homo-
geneous orthotopic plate. Pulse propagation in a fluid loaded laminated plate when 
the source is in the fluid has also been studied by Mal, et. al. [9]. 
In this paper we .report on our investigation of the effect of layering on the 
transient wave propagation in a laminated cross-ply plate. For simplicity of anal-
ysis the attention is focused here on the two-dimensional (plane strain) problem 
when a line vertical force is applied on a free surface of the plate, the line being 
parallel or perpendicular to the fibers in a ply. Results in both the time and fre-
quency domains for the normal stress component in the x direction at a point on 
the surface of the plate on which the force is applied are presented. For camparisan 
purposes results are also presented for a homogeneaus plate whose properties are 
given by the static effective properties when the number of plies is large. 
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PROBLEM FORMULATION 
Consider a cross-ply laminated plate on one surface of which a line vertical 
force acts in the z-direction (Fig. 1). The line along which the force acts is taken 
to be parallel to either the x or y-axis. The x-axis is chosen to be parallel to the 
fiber direction in the topmost ply. It will be assumed that the frequency content of 
the applied force is low enough so that eaeh ply ean be modeled as a transversely 
isotropie medium with the axis of symmetry parallel to the fibers. Thus for the 
problem under eonsideration the displacement U is independent of y for the config-
uration shown in Fig. 1. Also U has only nonzero components u(x,z,t) and w(x,z,t) 
in the x and z-directions, respectively. 
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Fig. 1. Geometry of the laminated plate. 
Now the relevant stress eomponents in the ply with fibers parallel to the x-
axis(OO) are related to the displacements as, 
8u 8w 
(fxx = C11 8x + C13 8z 
8u 8w 
(fzz = C13 - + C33 - (1) 8x 8z 
(f zx = C55 [!~ + ~:] 
Here Cij are the elastie stiffness coeffieients. 
In an earlier paper by Bouden and Datta [10] its was shown that the equa-
tions of motion in this ply are satisfied if following Buchwald [11], it is assumed 
that 
8e 8q, 
u = 8x' W=-8z 
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(2) 
provided e and <I> satisfy the equations: 
84 <I> [82 82 82 ] 82e (C13 + C55 ) 8x28z2 + C55 8z2 + CH 8x2 - P 8t2 8x2 = 0 (3) 
84 e [82 82 82 ] 82 <I> (C13 + C55 ) 8x28z2 + C33 8z2 + C55 8x2 - P 8t2 8z2 = 0 (4) 
Here p is the density. 
The boundary conditions that are to be satisfied by the stresses and displace-
ments are 
17 zz = -17o(t)8(x - xo), 17zx = 0 
17zz = 17zx = 0, Z = H 
z=O (5.a) 
(5.b) 
In addition, assuming that the plies are perfectly bonded, the continuity of U and 
17 zz and 17 zx at the interfaces must be satisfied. 
To solve equations (3) and (4) we first take the Fourier transforms with re-
spect to x and t. Then the equations governing the displacements and tractions in 
each layer can be expressed in a matrix form (local natrix). By implementing the 
boundary conditions (on top and bottom surfaces) and interface conditions men-
tioned above, we obtain 4n equations for a n-Iayered plate. Solving these equations 
allows us to get the solutions in the frequency domain. Details of similar deriva-
tions for a layered half-space can be found in [10]. Once the transforms are known 
then the time-domain response is obtained by first evaluating the inverse Fourier 
transforms with respect to the spatial variable using an adaptive Clenshaw-Curtis 
scheme and then using an FFT. In the following numerical results are presented for 
a particular example. 
NUMERICAL RESULTS AND DISCUSSION 
Numerical results were obtained for a graphite fiber-reinforced epoxy cross-
ply laminate. The properties of the 00 ply considered were the same as those in [5], 
namely, CH = 160.73 GPa, C33 = 13.92 GPa, C 13 = 6.44 GPa, C55 = 7.07 GPa, 
C44 = 3.50 GPa. The ply lay-up considered was [00 /900]~ where n was taken to be 
2 and 4. The total thickness of the plate was 5.08 mm. 
Figure 2 shows the dispersion curves for propagation in the 0° direction. Also 
shown in the figure are the results when the layered plate is replaced by an equiva-
lent homogeneous plate with properties obtained using the static effective medium 
approximation for a periodic layering ( see, Karunasena, et. al. [7] ). For the par-
ticular ply properties considered these are: C H = 87.32 GPa, C13 = 6.68 GPa, C33 
= 13.92 GPa, C44 = C55 = 4.68 GPa. This figure shows that the first flexural mode 
behavior of the layered plate is predicted well by the homogeneous plate model. It 
is also seen that the first longitudinal mode behaviors are somewhat different, but 
the differences are small. The behaviors of the higher modes are however vastly dif-
ferent from one aother. The effects of increasing the number of laminae are shown 
in Fig. 3. It is deal' that as the number of layers increases the dispersion of higher 
modes are predicted more dosely by the homogenized model. It may be conduded 
then that to predict the behavior of a laminated plate by a homogenized plate 
model there is a certain number of laminae that must be present. This number de-
pends on the frequency content of the disturbance. In order to see this results for 
the transient response of the plate are presented next. 
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Fig. 2. Dispersion curves for the propagating modes in the 0° direction 
in an 8-ply ([0° /90°];) plate. Also shown the results for the 
homogeneous plate. 
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Fig. 3. Dispersion curves for propagation in the 0° direction in a 16-ply 
([0° /90°];) plate. 
Figures 4 presents the frequency spectra of the vertical displacement compo-
nent at a distance five times the thickness of the plate from the source. The time 
dependence of the source is taken as 8(t), the line source is along the y-axis ( at 
right angles to the fibers in the 0° ply). Three different cases have been investi-
gated, they are 8-ply, 16-ply and homogeneous composite plates respectively. As 
seen from Fig. 2 the vertical response below 0.5 MHz is dominated by the flexur al 
mode except near the cutoff frequency of 51 mode. The response in aH these three 
cases show sharp peaks at cutoff frequencies of certain longitudinal mo des: 5 1 (P), 
A3 (P), 5 4 (P), and A5 (P). The response of the homogeneous plate shows maxima 
also at the cutoff frequencies of certain flexural modes: 5 2 (S), 5 3 (S), A4 (S), 5 5 (S), 
and A6 (S). There are other maxima in the response which do not seem to corre-
spond to any cut off. Considering the effect of increasing the number of plies frOln 
8 to 16 in comparison with the results for the homogeneous plates, the results for 
the 16-ply and homogeneous plates are found to be quite similar up to the cutoff 
frequency of A3 (P) mode. This is consistent with the dispersion behavior shown in 
Fig. 3, where it is seen that the homogeneous model predicitions agree elosely with 
those of the layered model for frequencies less than about 0.6 MHz. Figure 5 shows 
the transient response of the plate when the source is a Ricker pulse with center 
frequency, fecs/ H, at 0.21 MHz. The time dependence of this pulse is given by 
(6) 
where fe = k2 H/27r, T = tcs/H, k2 = w/cs and cs2 = C55 /p. It is seen from these 
figures that the results for the 16-ply and homogeneous plates are quite elose. 
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Fig. 4. Frequency spectrum of z-displacement at a distancc of 5H from the 
sour ce where the source function is 8( t) in time. Comparison of 
the homogenized model, 8-ply and 16-ply plate predictions. 
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Fig. 5. The response in time of the horizontal stress at 5H distance from the 
source for a Ricker pulse with center frequency of 0.21 MHz. 
Comparison of the homogenized model, 8-ply and 16-ply plate 
predictions. 
CONCLUSION 
Model calculations have been presented showing the frequency and time re-
sponses in plane strain of a cross-ply plate with many plies due to a line source 
acting on the surface of the plate. Effect of increasing the number of plies on the 
response has been studied. It is found that the response of the multi-ply plate can 
be predicted closely by an effective homogeneous plate model within a certain fre-
quency range if there is a certain minimum number of plies . This number depends 
on the frequency range of interest. 
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